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1. INTRODUCTION
It is well known that the energy levels of an atom
interacting with an electromagnetic field undergo an
a.c. Stark or light shift [1, 2] proportional to the local
light intensity. In a standing wave, the ground state light
shift gives rise to a periodic potential, called an optical
lattice, which can be used to trap the atoms [3–5]. The
first experiments demonstrating the trapping of atoms
in the potential wells of an optical lattice and their
localization therein were performed by the groups of
Grynberg [6] and Jessen [7]. Since then, studies of laser
cooling, quantum state preparation, and Bose–Einstein
condensates in optical lattices have intensified.
In this article, we present a general analysis of the
stability of optical lattices. After a short presentation of
the instability problem, we establish a necessary and
sufficient condition for intrinsic phase stability. Then
we discuss two practical solutions to guarantee intrinsic
phase stability: the first of these, minimal optical lat-
tices, is the solution proposed by Grynberg 
 
et al.
 
 in
1993 [8], while the second, folded optical lattices, was
suggested by Rauschenbeutel 
 
et al.
 
 a few years later
[9]. Finally, we discuss both approaches and describe a
laser cooling experiment in which we have used a two-
dimensional (2D) folded optical lattice for the collima-
tion of a continuous atomic beam.
In the following, we consider an optical lattice
resulting from the superposition of 
 
l
 
 laser beams. The
total electric field is given by 
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 being the phase of the 
 
j
 
th laser beam. As explained in
[3] and [10], the optical shift operator for atoms in the
ground state is given by
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where  is the atomic polarisability tensor operator
given by  = – , where 
 
∆
 
ge
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detuning with respect to the atomic transition 
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 and  is the electric dipole operator between these
levels. By inserting Eq. (1) into Eq. (2), we get
(3)
which is our starting point for the stability analysis.
Although in the following stability analysis we con-
centrate on the optical shift operator (2), all other field-
dependent operators of the problem (e.g., the optical
pumping rate operator) are also determined by qua-
dratic combinations of type (3). Therefore, the stability
conditions will also be the same for these operators.
2. PROBLEM OF STABILITY
From Eq. (3), it is clear that the relative phases 
 
φ
 
j
 
 –
 
φ
 
i
 
 play a critical role. Any variation in one of these
phases arising, for example, from the vibration of a mir-
ror may manifest itself as a dramatic change in the opti-
cal potential.
To illustrate this problem, let us consider the 2D
optical lattice shown in Fig. 1, where four laser beams
intersect in a common plane, all linearly polarized
within that plane.
Uˆ r( ) EL* r( )– αˆ EL r( ),⋅ ⋅=
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Abstract
 
—In this article, we present an analysis of the stability of optical lattices. Starting with the study of an
unstable optical lattice, we establish a necessary and sufficient condition for intrinsic phase stability and discuss
two practical solutions to fulfill this condition, namely, minimal and folded optical lattices. We then present a
particular example of two-dimensional folded optical lattice, which has the advantages of being symmetric,
possessing power recycling, and having a convenient geometry. We used this lattice for laser collimation of a
continuous cesium beam in a fountain geometry.
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The total electric field is given by the superposition
of the electric fields of the four laser beams (with iden-
tical amplitude 
 
E
 
):
(4)
where we have introduced the variable 
 
φ
 
 to represent a
change in the phase of the first laser beam. Grouping
terms with identical polarization, we obtain
(5)
This expression shows that the total polarization is crit-
ically dependent on the angle 
 
φ
 
. Indeed, if we calculate
the intensity of circular polarization components 
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), we obtain
for 
 
φ
 
 = 
 
π
 
(6)
and for 
 
φ
 
 = 0
(7)
We have plotted these circular polarization components
in Fig. 2. These two situations are very different.
For 
 
φ
 
 = π, we observe alternating sites of pure σ+
and σ
–
 polarization with a period equal to the wave-
length. This means the light shifts of mF = ±F Zeeman
sublevels are periodic in space with opposite phases,
and the same is true for the optical pumping process
which always populates the ground state mF sublevel of
lowest energy. As a consequence, Sisyphus cooling
[11] can take place if the laser beams are tuned cor-
rectly.
On the contrary, for φ = 0 we have I+(x, y) ≡ I–(x, y),
both having a period equal to a half-wavelength. The
polarization is thus linear everywhere, which precludes
Sisyphus cooling. However, there is still a strong polar-
ization gradient, as can be seen in the right graph of Fig.
EL x y,( ) E ey ikx iφ+( )exp ey ikx–( )exp+[=
+ ex iky( )exp ex iky–( )exp+ ],
EL x y,( )
=  2E ex ky( )cos ey iφ/2( ) kx φ/2+( )cosexp+[ ].
e±*
1
2
------
I± x y,( ) 2E2 ky( )cos kx( )sin+−[ ]2=
I± x y,( ) 2E2 ky( )cos2 kx( )cos2+[ ].=
2b, where we have plotted the polarization vector as a
function of position in the optical lattice plane. Thus, it
is probable that another sub-Doppler cooling mecha-
nism takes place in this situation, for example, a mech-
anism similar to that operating in σ+–σ– molasses [11].
We conclude that the instability of the optical lattice
leads to dramatic changes in the polarization gradients.
This is a crucial problem when one works with cooling
mechanisms involving the spatial dependence of light
polarization. One solution to this problem is to stabilize
mechanically the phase difference between laser
beams, as was first implemented by Hemmerich et al.
[12]. However, other approaches free of this mechani-
cal constraint were proposed by the groups of Grynberg
[8] and Meschede [9]. We shall discuss both of these
approaches in Sections 4 and 5, but first we start by
defining intrinsic phase stability and by establishing a
necessary and sufficient condition for it.
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Fig. 1. Example of an unstable optical lattice of dimension 2.
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Fig. 2. Representation of the polarization gradients for the
2D optical lattice shown in Fig. 1. (a) Case where the phase
of the first laser beam is φ = π. We have plotted the intensity
of circular polarization components I±(x, y) from Eq. (6). In
this case, sites of pure σ+ and σ– polarization are in alterna-
tion every half-wavelength. (b) Case where the phase of the
first laser beam is φ = 0. On the left we have plotted I±(x, y)
from Eq. (7). In this case I+(x, y) ≡ I–(x, y), therefore the
polarization is linear everywhere. However, there is still a
strong polarization gradient, as can be seen on the right
graph where we have plotted the polarization vector field
EL(x, y) in the lattice plane.
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3. NECESSARY AND SUFFICIENT CONDITION 
FOR INTRINSIC PHASE STABILITY
Let us consider an optical lattice composed of l laser
beams, and let us suppose that the phases of these laser
beams change suddenly as follows:
  (8)
From Eq. (3), we see that it is possible to compensate
the effect of this change by a translation r  r – Dr,
provided there exists a vector Dr and an arbitrary phase
φo (which has no effect on (r)) such that
(9)
This brings us to the following definition: we say that
an optical lattice is intrinsically phase-stable if any
change in the phases of the laser beams can be compen-
sated by a formal translation as explained above. In
practice, this means that every change in the phases of
the laser beams manifests itself as a physical translation
of the optical lattice in space. Such translations do not
disturb the optical cooling mechanisms as long as the
atoms' internal variables evolve much more rapidly
than the optical potential, which is usually the case.
Let us now state an important result. We denote by
 the matrix composed of the lines (kj – k1)T for j =
2, …, l, and F is the vector composed of the elements
∆φj – ∆φ1 for j = 2, …, l. We recall that the rank of a
matrix is equal to the dimension of the vector space
generated by its columns or by its rows. Then, the opti-
cal lattice resulting from the superposition of the l laser
beams is intrinsically phase-stable if and only if
(10)
where (|F) is the matrix obtained from  by adding
a column composed of the elements of F.
The proof of this result is as follows. It is clear that
the optical lattice is intrinsically phase-stable if and
only if the linear system (9) always admits a solution
for any choice of the phase variations ∆φj. By subtrac-
tion of the first equation, we obtain the following linear
system:
(11)
which is equivalent to system (9). System (11) can be
written in matrix form as Dr = F. For this equation to
have at least one solution, it is both necessary and suf-
ficient that rank() be equal to rank(|F) (this is the
Rouché–Capelli theorem for the existence of the solu-
tion of a linear system). Here ends the proof.
4. MINIMAL OPTICAL LATTICES
Let us consider an optical lattice composed of l laser
beams, and let us denote by d its spatial dimension. We
will demonstrate that d = l – 1 is a sufficient condition
to guarantee the intrinsic phase stability of the optical
φ j φ j ∆φ j.+
Uˆ
k j Dr⋅ ∆φ j φo, j∀+ 1 … l., ,= =
rank ( ) rank  F( ), F∀=
k j k1–( ) Dr⋅ ∆φ j ∆φ1 j = 2– … l, ,={ },
lattice. Let us start by a demonstration of the following
properties:
1. d = rank();
2. rank() ≤ rank(|F);
3. rank(|F) ≤ l – 1.
As can be seen from Eq. (3), the optical lattice is
generated by the vectors (kj – ki); thus, its spatial
dimension d is equal to the dimension of the vector
space generated by the vectors (kj – ki). But this vector
space is also generated by the vectors (kj – k1) which
compose the matrix . Therefore, by definition of the
rank, d is equal to rank(), which proves the first prop-
erty. The second property comes from the trivial asser-
tion that adding a column to a matrix cannot decrease
the rank. Finally, the rank of a matrix cannot exceed the
number of lines, and this proves the last inequality.
Writing these three properties side by side, we get
(12)
From this expression, it is obvious that by imposing
the condition d = l – 1 we guarantee that rank() =
rank(|F) and, therefore, that the optical lattice is
intrinsically phase-stable. This is the solution proposed
by Grynberg et al. in 1993 to build stable optical lat-
tices [8]. Note that Eq. (12) implies l ≥ d + 1. Therefore,
l = d + 1 is the minimum number of laser beams needed
to create an optical lattice of dimension d, hence the
term minimal optical lattice.
At this point, it is important to note that the condi-
tion d = l – 1 is sufficient, but not necessary, to have
rank() = rank(|F). There is another method to
obtain an optical lattice which is intrinsically phase-sta-
ble. It is described in the next section.
5. FOLDED OPTICAL LATTICES
Let us consider the 2D optical lattice geometry pre-
sented in Fig. 3a. This optical lattice is intrinsically
phase-stable even though it does not satisfy the condi-
tion d = l – 1. To explain this point, we start by consid-
ering the optical lattice of Fig. 3c, which is composed
of the first three laser beams k1, k2, and k3. This optical
d rank ( ) rank  Φ( ) l 1.–≤ ≤=
k3 k2 k3 k2
k1
k2
k4
k4
k1
k3
k1
(a) (b) (c)
Fig. 3. Comparison of optical lattices of dimension d = 2:
(a) folded optical lattice; (b) unstable optical lattice; (c)
minimal optical lattice (with d = l – 1).
3
lattice is intrinsically phase-stable, since it satisfies the
condition d = l – 1. Therefore, we have
(13)
Let us now reconsider the optical lattice of Fig. 3a.
Since the retro-reflected beam follows the same path as
the incident beam, the phases satisfy the relation φ4 –
φ3 = φ2 – φ1. Therefore, the differences φj – φ1 are linked
via
(14)
On the other hand, the differences kj – k1 are related
by
(15)
Since the linear combinations (14) and (15) are
identical, we have
(16)
and thus rank(|F) = 2. Now, using Eq. (12) with d =
2, we can conclude that rank() = rank(|F) is always
satisfied, and therefore the optical lattice of Fig. 3a is
intrinsically phase-stable.
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–
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The idea of using this type of intrinsically phase-sta-
ble configuration was initially put forward by Raus-
chenbeutel et al. in a slightly different form [9]. Their
explanation for stability is more intuitive and consists
in observing that the optical lattice of Fig. 3a is created
by folding a 1D lattice such that it intersects with itself.
Since 1D lattices are intrinsically stable, as discussed
above, folded ones must be too.
One can also say that the stability is preserved when
we add a fourth laser beam, because the phase and wave
vector of this laser beam are related to the phases and
wave vectors of the other laser beams by the same lin-
ear combination, as shown by Eqs. (14) and (15).
Indeed, if we consider the configuration of Fig. 3b, rela-
tion (15) is still satisfied but relation (14) is not, since
the phases are all independent. Therefore, we have
rank() = 2 < rank(|F) = 3 and the optical lattice is
not intrinsically phase-stable.
6. DISCUSSION
6.1. Optical Lattices in 1D and 3D
Although all the examples given above were 2D lat-
tices, everything we have said is still true in other
dimensions. For dimension d = 1, the minimal and
folded optical lattices are degenerate and correspond to
the usual optical molasses. In this case, the intrinsic
phase stability is obvious even without the above
matrix analysis, because any displacement of the retro-
reflecting mirror automatically shifts the phase of the
standing wave by a corresponding amount, since the
electric field has a node on the mirror surface. For
dimension d = 3, the minimal and folded optical lattices
are generalizations of the two-dimensional case. An
example of a minimal optical lattice in three dimen-
sions is presented in Fig. 4a. This configuration has
been used by Treutlein et al. for degenerate Raman
sideband cooling [13]. Although the geometry was not
symmetrical, radiation pressure was reduced by using a
large detuning. Other examples of minimal optical lat-
tices are discussed in [14]. An example of a three-
dimensional folded optical lattice is presented in Fig.
4b. This configuration is obtained from configuration
(a) by adding two laser beams, namely k5 and k6. It is
easy to show that the phases and wave vectors of these
two beams are related to the other beams by the same
linear relations:
(17)
(18)
and
(19)
(20)
Therefore, the optical lattice is intrinsically phase-
stable.
φ5 φ1– φ4 φ1–( ) φ3 φ1–( ) φ2 φ1–( ),–+=
φ6 φ1– φ4 φ1–( ) φ3 φ1–( ),+=
k5 k1– k4 k1–( ) k3 k1–( ) k2 k1–( ),–+=
k6 k1– k4 k1–( ) k3 k1–( ).+=
k4 k1
k2
k3
k6
k5
k4 k1
k2
k3
z y
x
z y
x
(a) (b)
Fig. 4. Three-dimensional optical lattices: (a) minimal (with
d = l – 1); (b) folded.
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6.2. Practical Realizations of Optical Lattices
Work on cold atoms usually requires one to employ
a symmetrical beam configuration in order to avoid
atoms being pushed aside by radiation pressure. Mini-
mal optical lattices can be designed in a symmetrical
geometry, but this requires a complex vacuum system.
For the 2D case, this means using 3 beams intersecting
at 120° and a hexagonal coplanar geometry for the vac-
uum system. To create a symmetrical 3D minimal lat-
tice, the 4 beams should form a regular tetrahedron.
This adds even further to the complexity of the vacuum
apparatus (see [15] for an example of a tetrahedral mag-
neto-optical trap).
Folded lattices, on the other hand, involve more
beams but have a more user-friendly geometry with
beams intersecting at right-angles. They can be aligned
by auto-collimation and they have the inherent advan-
tage of balanced radiation pressure. In addition, it is
straightforward to adapt them to a power recycling
geometry, a tremendous advantage in many cases.
6.3. Atomic Beam Collimation 
with a Folded Lattice
In a recent experiment, we used the 2D folded opti-
cal lattice of Fig. 3a to perform the collimation of a con-
tinuous cesium beam in a fountain geometry [16]. In
this folded lattice, we realized Zeeman shift degener-
ate-Raman-sideband cooling in a continuous mode.
This powerful cooling technique allowed us to reduce
the atomic beam transverse temperature from 60 µK to
1.6 µK in a few milliseconds. We note that, in this con-
text, power recycling is highly advantageous, since a
high power is necessary to create a far-off-resonance
optical lattice.
With the same experimental setup, we also realized
collimation of the continuous cesium beam using Sisy-
phus-like cooling in a 2D optical lattice. We have
experimented with the lattice configurations (a) and (b)
of Fig. 3 and the results are summarized in the table.
The best collimation was obtained with the folded opti-
cal lattice.
6.4. Multicolor Optical Lattices
Before concluding, we should like to point out that
fulfilling condition (10) is by no means the only solu-
tion of the instability problem. Another possibility is to
average over the phase difference. To illustrate this,
consider the unstable 2D optical lattice of Fig. 1. If the
two molasses have different laser frequencies, the
phase difference changes rapidly, and the atoms see an
optical lattice which is the average of the optical shift
over the phase variable. This solution has been used
with success by other groups [17, 18].
7. CONCLUSIONS
In this article, we have established a necessary and
sufficient condition for the intrinsic phase stability of
an optical lattice. We have presented two practical solu-
tions to fulfill this condition, namely, minimal and
folded optical lattices. We have shown that the minimal
optical lattices, introduced for the first time by Gryn-
berg et al. in 1993, are sufficient but not necessary for
stability. Indeed, another possibility is to use a folded
optical lattice, as proposed by Rauschenbeutel et al. in
1998. We have presented a particular example of a
folded optical lattice, which has the advantages of
power recycling, symmetry, and a more convenient
geometry. Henceforth, such a lattice would seem to be
a more natural choice for most experiments. Indeed, for
many applications a folded lattice looks like a better
source of cold atoms than a conventional six-beam opti-
cal molasses.
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